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ABSTRACT 
 

 A review of literature shows that only one sample test concerning the complex mean 

of multivariate complex normal (CN) distribution has been considered. However, in real 

application, many complex variables often appear as data from images or signals that 

need to be compared, for instance, for object identification. This paper therefore derived a 

hypothesis testing for two sample means from multivariate CN based on the Hotelling 
2T  test by using the established relationship of multivariate CN to the multivariate real 

normal distribution. A simulation study was also carried out to investigate the 

performance of the test, evaluated by the Type I error rate against equal means and power 

of test against non-equal means. Results from the empirical study suggest that the test 

works well in differentiating the means with low Type I error rate and good power 

properties. The interest in the test for complex normal model arose in connection with the 

study of discriminating the shape of the human maxillary dental arches; an application to 

such data is also presented.  
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1. INTRODUCTION  
 

 The complex random variables often appear as actual data in areas such as in 

geophysics, circular analysis, communications, signal processing and shape analysis. The 

random variables come in pairs of the form x jy+ , where x is the real part and y  is the 

imaginary part. The introduction of a complex-number-based theory can often lower the 

dimension involved and consequently simplify mathematical models.  
 

 Modeling complex random variables has been indirectly applied in the field of 

physics, which examine the arrangement of atoms in solids. However Wooding (1956) 

and Goodman (1963) are among the first who explicitly introduced the multivariate 

distributions of complex random variables which is also called the ñmultivariate complex 

normal (CN) distributionò.  
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 A great deal of work related to multivariate CN distribution have been established 

including the parameter estimation and complex Wishart distribution which was an 

extension to the real case (Giri, 1965; Khatri, 1965; Andersen et al., 1995). These works 

consequently enable the development for hypothesis testing concerning the mean vector 

and test for independence given as 
 

  {}0 :H Íɗ 0,                  (1) 

and 

  0 12:H ¸H 0 .                  (2) 
 

respectively. 
 

 However, in real application, many data from images or signals from complex 

variables often need to be compared. Therefore it is of interest to extend the existing test 

for two sample means (Blackwell et al., 2007; Rijal et al., 2013). 
 

 This paper is organized as follows. Section one begins with the introduction of this 

article. Section Two supplies some theorem on multivariate CN which will be used to 

derive the two sample test concerning the means, followed by derivation of the test in 

Section Three. Sections Four and Five present a simulation study on the performance of 

the test and its application to real data, respectively. Finally, conclusion of this paper is 

provided in Section Six. 

 

2. PRELIMINARIES  
 

 Let U  and V be real random variables. A complex normal random variable 

X U iV= +  is a complex random variable such that U  and V are bivariate normal 

distributed (Goodman, 1963). A p -variate complex normal random vector ( )kX=X  for 

1,...,k p=
 
on the other hand is a p -tuple of complex normal random variables such that 

the vector of real and imaginary parts has a 2p -variate normal distribution. 
 

 The probability density function of X  can be written as 
 

  ( ) ( ){ }*1 1( ) det( ) exp
p

Xf
- - -=p - - -x H x ɗ H x ɗ        (3) 

 

and is said to have a p -variate complex normal distribution with mean ɗ and variance 

matrix H  (denoted as ~ ( )pCNX ɗ,H) where ɗ is an element in the p -variate complex 

vector space 
p

C  , 
p p³

ÍH C  is a Hermitian matrix which correspond to a real matrix 

being symmetry and ( )
*

-x ɗ is the conjugate and transpose of ( )-x ɗ . 

 

 There is a close relationship between real and complex normal distribution 

established by the isomorphism, []Ö: 
2p p

C R . For ~ ( , )pCNX ɗ H, it holds that  
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  [] [] {}
1

~ ,2 2

Uk
N pVk

å õ å õ
=æ ö æ öæ ö ç ÷ç ÷

X ɗ H ,            (4) 

 

where 1, , ,k p=
 
(Andersen et al., 1995). The distribution of the p p³  complex 

random matrix = *
W X X  follows a complex Wishart distribution with parameters H  

and n , denoted by ~ ( , )pW CW H n  and it holds that  

 

  {}2

1
~ , ,

2
pW n
å õ
æ ö
ç ÷

W H                (5) 

 

for the real Wishart distribution (Andersen et al., 1995). 
 

 Further, most of the properties of the multivariate CN distribution are relatively 

similar to the real multivariate normal distribution. Let 
p

Íc C , it holds that (Andersen  

et al., 1995): 
 

  ( )~ * , * ,pCNcX c ɗ c Hc              (6) 

and 

  ( )1 2 1 2~ , .pCW n n+ +W W H              (7) 

 

 The estimation of ɗ and H  can be estimated using the maximum likelihood method 

analogous to real multivariate normal distribution (Goodman, 1963).  

 

3. THE PROPOSED HOTELLING TWO SAMPLE T
2
 FOR  

COMPLEX NORMAL DISTRIBUTION  
 

 Let ( )1 1 1~ ,pCNX ɗ H  and ( )2 2 2~ ,pCNX ɗ H  denotes the first and  

second shape category respectively. Let 1 21
gn

g g g g
gn
è ø= + +
ê ú

X X X X  and 

( )( )
*

1

1

1

gn
r r

g g g g g
rgn =

= - -
-
äM X X X X  be the unbiased estimators of gɗ  and ( )1,2g g=H

respectively and 
( ) ( )1 1 1 2

1 2

1 1

2
pooled

n n

n n

- + -
=

+ -

M M
M  as an estimate of pooled Hermitian 

covariance matrix H , where ()
*
Ö  denotes the conjugate and transpose of ()Ö.  

 

 A relationship with the multivariate real normal distribution from equation (4) gives 

[ ] [] { }1 2 1 1

1
~ ,

2
pN
å õ
æ ö
ç ÷

X ɗ H  and [ ] [ ] { }1 2 2 2

1
~ ,

2
pN
å õ
æ ö
ç ÷

X ɗ H  respectively. Consequently,  

 

  

[ ] {}1 2 2 1 1
1 2

1 1
~ ,

2 2
pN

n n

å õå õ
è ø- - +æ öæ öê ú æ ö

ç ÷ç ÷

X X ɗ ɗ H,        (8) 
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( ) [] {}1 2 1 2 2
1 2

1 1
~ , ,

2 2
pN

n n

å õå õ
è ø- - - +æ öæ öê ú æ ö

ç ÷ç ÷

X X ɗ ɗ 0 H       (9) 

 

and let 

  

[ ]( )( ) []{}( )
1
2

1 2 1 2 2
1 2

1 1
~ , ,

2 2
pN

n n

-
å õ
= + - - -æ ö
ç ÷

u X X ɗ ɗ 0 H     (10) 

 

where {}H  denotes the pooled Hermitian covariance matrix. From equation (7),  
 

  
( ) ( ) ( )1 1 2 2 1 21 1 ~ , 2 ,pn n CW n n- + - + -M M H         (11) 

 

and can also be written as  
 

  
( ) ( ) ( )( )1 1 2 2 2 1 22 1 1 ~ { }, 2 ,pn n W n nè ø= - + - + -ê úW M M H      (12) 

 

since equation (5) applies. 
 

 The test statistic for the Hotelling 2T  test statistic under 1 2H - =0:ɗ ɗ 0can be 

derived similar to the real case: 
 

  

( )( )( )

( )( )

1

2 *

1 2

1
2 * 1

1 2 1 2
1 2

1
2

1 2 1 2
1 2

2

1 1
2

2 2

1 1

2 2

T
n n

n n

n n

-

-
-

-

å õ
= æ ö

+ -ç ÷

å õ
è ø= + - - -æ ö ê ú

ç ÷

å õ
è ø+ - - -æ ö ê ú

ç ÷

pooled

W
u u

     X X ɗ ɗ M

                     X X ɗ ɗ

 

   

1
* 1

1 2 1 2
1 2

1 1 1

2 2 2n n

-

-å õ
è ø è ø= + - -æ öê ú ê ú

ç ÷
pooledX X M X X   

   
* 11 2

1 2 1 2
1 2

.
n n

n n

-å õ
è ø è ø= - -æ öê ú ê ú+ç ÷

pooledX X M X X         (13) 

 

and the distribution of 
2 T  is given as 

 

  
1 2

2 1 2
2 ,( 2) (2 1)

1 2

( 2)2
~ .

( 2) (2 1)
p n n p

n n p
T F

n n p
+ - - -

+ -

+ - - -
         (14) 

 

  



N.A. Abdullah et al. 675 

4. SIMULATION STUDY ON PERFORMANCE OF THE HOTELLING  

TWO SAMPLE 2T  FOR COMPLEX NORMAL DISTRIBUTION  
 

 A simulation study were carried out using R software to investigate the performance 

of the proposed test under the null hypothesis, 0H : 1 2=ɗ ɗand was evaluated according 

to:  

1. Type I error rates against equal means  

2. Power of test against unequal means 

 

4.1 Type I Error Rates 

 To estimate the Type I error rates, the following steps were taken:  
 

 Step 1:  

 Two random samples of p -variate complex normal distributions with size n  was 

drawn from ( )1 1 1~ ,pCNX ɗ H  and ( )2 2 2~ ,pCNX ɗ H  and generated by using R 

package cmvnorm (Hankin, 2015), where 1 2=ɗ ɗ and 1 2=H H . 
 

 Step 2:  

 Calculate the test statistics in equation (13) and find its corresponding p -value using 

equation (14). 
 

 Step 3:  

 The above steps of obtaining the p -value were repeated for s = 10,000 times. 
 

 Step 4:  

 The proportion of 10,000 samples for which the test rejects the 0H  at 0.05a=  was 

calculated. This is equivalent to calculating the probability of making Type I error: 
 

  
( )0 0reject |  is trueP H H .               (15) 

 

 The corresponding error rate in percentage was then obtained.  
 

 The examples of the generated complex normal data for 4p=  and 8p=  with equal 

means are illustrated in Figure 1. Since the 0H  is true, the test statistics should reject the

0H  at about the nominal rate of 5%. However, Table 1 shows high values of Type I error 

rate, which gets higher as p  increases. A correction factor imposed to the test statistics 

2T  may be required to decrease the chance of the test getting rejected.  
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Table 1 

Empirical Type I Error Rate against Equal Means for Different Sets of Parameters 

Parameters 

Without  

Correction Factor 

With  

Correction Factor 

Type I Error  

( )5 %a=  

Type I Error  

( )5 %a=  

Type I Error  

( )10 %a=  

4,

) )

1

,

1

0 0

1 0
.

1

0

p

diag diag

i

i

i

i

=

=

å õ
æ ö
=æ ö
æ ö
ç ÷

+å õ
æ ö
+æ ö= =

æ ö+
æ ö
+ç ÷

1 2

1 2

(H (H

              

ɗ ɗ  

 

20n=  20.99 % 4.20 % 8.59 % 

30n=  20.14 % 4.45 % 8.97 % 

50n=  18.45 % 4.58 % 9.34 % 

100n=  18.10 % 4.80 % 9.65 % 

250n=  18.45 % 4.95 % 9.36 % 

500n=  17. 38 % 5.16 % 10.12% 

30,

)

)

1

1

n

diag

diag

=

=

å õ
æ ö
=æ ö
æ ö
ç ÷

1

2

 

(H

(H

    .

 

1 2

2,

ɗ ɗ  

0 0
     

1 0

p

i

i

=

=

+å õ
=æ ö
+ç ÷

 
8.66 % 4.29 % 9.44 % 

1 2

4,

ɗ ɗ  

0 0

1 0
    

1

0

p

i

i

i

i

=

=

+å õ
æ ö
+æ ö=

æ ö+
æ ö
+ç ÷ 

20.14 % 4.45 % 8.97 % 

1 2

8,

ɗ ɗ  

1 2

2

2

1 2
   

1 2

2

2

1 2

p

i

i

i

i

i

i

i

i

=

=

-å õ
æ ö
-æ ö

æ ö+
æ ö
+æ ö

=
æ ö- +
æ ö
- +æ ö
æ ö- -
æ ö
æ ö- -ç ÷ 

48.35 % 4.75 % 9.94 % 

 

  



N.A. Abdullah et al. 677 

  
(a) 4p=    (b) 8p=  

Figure 1: Examples of the Generated Complex Normal Data for 4p=  and 8p= . 

 

 Note that this test was derived using the complex and real normal relationships which 

involves transformation of p  complex dimension to 2p  (see equation (4)). Therefore, 

the best guesstimate of the correction factor is two times what it should be and the test 

statistics with correction factor is given as 
 

  

*2 11 2
1 2 1 2

1 2

2 .pooled

n n
T

n n

-å õ
è ø è ø= - -æ öê ú ê ú+ç ÷

  X X M X X  

 

 Simulation study was repeated after correction factor was imposed on the test 

statistics 
2T . The Type I error rates for different sets of parameters are close to the 

nominal rates when 5% and 10% significance level were considered, especially for a 

large sample size. 
 

4.2 Power of Test 

 To estimate the power of test, the following procedure was carried out:  
 

Step 1:  

Two random samples of size n  from two p -variate complex normal distributions 

were generated similar to Step 1 and Step 2 in Section 4.1, with 1 2¸ɗ ɗ.  
 

Step 2: Calculate the test statistics in equation (13) with correction factor imposed, 

and find its corresponding p -value using equation (14). 
 

Step 3:  

The above steps of obtaining the p -value were repeated for s = 10,000 times. 
 

Step 4. 

The proportion of 10,000 samples for which the test rejects the null hypothesis 0H  at 

0.05a=  significance level was calculated. This is equivalent to calculating the 

probability of not making a Type II error: 
 

  
( )0 01 reject |  is falseP H H- .             (16) 

 

 The corresponding error rate in percentage was then obtained as the power of the test.  
 


