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ABSTRACT

A review of literature shows that only one sample test concerning the complex mean
of multivariate complex normal (CN) distribution has been considered. However, in real
application, many complex variables oftappear as data from images or signals that
need to be compared, for instance, for object identification. This paper therefore derived a
hypothesis testing for two sample means from multivariate CN based on the Hotelling

T2 test by using the established relationship of multivariate CN to the multivariate real
normal distribution. A simulation study was also carried out to investigate the
performance of the test, evaluated by the Type | error rate against equal means and power
of test against nerqual means. Results from the empirical study suggest that the test
works well in differentiating the means with low Type | error rate and good power
properties. The interest in the test for complex normal model arose in connectighewit

study of discriminating the shape of the human maxillary dental arches; an application to
such data is also presented.
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1. INTRODUCTION

The complex random variables often appear as actual data in areas such as in
geophysics, circular analysis, communications, signal processing and shape analysis. The
random variables come in pairs of the foxm jy, wherex is the real part ang is the

imaginary part. The introduction of a compleumberbased theory can often lower the
dimension involved and consequently simplify mathematical models.

Modeling complex random variables shdeen indirectly applied in the field of
physics, which examine the arrangement of atoms in solids. Howeéweding (1958
and Goodman (1968 are amag the first who explicitly introduced the multivariate
di stributions of complex random variabl es
normal (CN) distributiono.
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A great deal of work related to multivariate Gistribution have been established
including the parameter estimation and complex Wishart distribution which was an
extension to the real case (Giri, 1965; Khatri, 1965; Andersen et al., 1995). These works
consequently enable the development for hyposhiesiting concerning the mean vector
and test for independence given as

Ho:dl { P, 1)
and

Ho:Hyy, O. )
respectively.

However, in real application, many data from images or Egfram complex
variables often need to be compared. Therefore it is of interest to extend the existing test
for two sample means (Blackwell et al., 2007; Rijal et al., 2013).

This paper is organized as follows. Sect@mre begins with the introductionfadhis
article. Section Two supplies some theorem on multivariate CN which will be used to
derive the two sample test concerning the means, followed by derivation of the test in
Section ThreeSections Four and Five present a simulation study on the penfice of
the test and its application to real data, respectively. Finally, conclusion of this paper is
provided in Section Six.

2. PRELIMINARIES

Let U and V be real random variables. A complex normal random variable
X =U 4V is a complex random variable such that andV are bivariate normal

distributed (Goodman, 1963). f-variate complex normal random vectir= (X, ) for

k =1,...,p on the other hand is a-tuple of complex normal random variables such that
the vector of real and imaginary parts ha@m-variate normal distribution.

The probability density function oX can be written as
fy(x)= pPdetH)?* ex;{ (x d}* HY( x )}c (3)

and is said to have @-variatecomplex normal distribution with meah and variance
matrix H (denoted asX ~CN,(d , )) whered is an element in thep -variatecomplex
vector spaceC? , Hi CP P is a Hermitian matrix which correspond to a real matrix

*
being symmetry antﬂx— d) is the conjugate and transpose(m‘- d) .

There is a dse relationship between real and complex normal distribution
established by the isomorphisfith: CP — R?P. For X ~CN,(d, B, it holds that
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[X]%,: gszé%i] S @

where k=1,...,p, (Andersen et al., 1995)The distribution of thep® p complex

random matrixW =X"X follows a complex Wishart distribution with parametéts
and n, denoted byW ~ CW, ( H, ) and it holds that

WV sl ©

for the real Wishart distributiolApdersen et al., 1995

Further, most of the properties of the multivariate CN distidm are relatively
similar to the real multivariate normal distribution. Lt CP, it holds that(Andersen
etal., 1995

CX~CN,(c*d & K (6)
and
W, +W, ~CW, (H, n +n). (7)

The estimation off and H can be estimated using the maximum likelihood method
analogous to real multivariate normal distribution (Goodman, 1963).

3. THE PROPOSED HOTELLING TWO SAMPLE T?FOR
COMPLEX NORMAL DISTRIBUTION

Let X;~CN,(d, H) and X,~CN,(d,, HB) denotes the first and

second shape category respectively. L@T{gzig)(t K2 %% and
n
9

1 M - _ Vv _ . )
Mg = - 1r_1 X g)(x 'y % g) be the unbiased estimatorsd&f and H (g =1,2)

(n- Y™,y £ HM,
n+n, -2
covariance matrixt , Where(c))* denotes the conjugate and transpos(a(}af

respectively andVl pgoieq = as an estimate of pooled Hermitian

A relationship with the multivariate real normal distribution from equation (4) gives

[X1] ~ Ny, %dl]%{ H  and[X;] ~ Ny, gdz]%{ H} respectively. Consequently,
¢ ¢

Q)o

H. (8)

1o

- : 1
eX, - X, 8N - g -
e 2 ZP%d ‘33

g no 20

WO
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3 f

- X, gldy 9)- m%]f%— o, © H 9)

and let
1 3

u= % o, 8 (% Xo] (& of)~Np([ 14 }H (10)
where{H} denotes the pooled Hermitian covariance matrix. From equation (7),

(- )My £ny :L)Mz'“CV\{)(H N s (11)
and can also be written as

w=2gn OIM; (B, DM, gW (B (n n+2)). (12)

since equation (5) applies.

The test statistic for the Hotelling? test statistic undeiH,:d;- ¢ = can be
derived similar to the real case:

-1

e M ‘>_(2 H\Ahgoled X_Eiz- (13)

and the distribution of T2 is given as

(m+n, 2)2p
T~ (n+n, 2) @p 1 Papnen, 2 @p 2y (14)
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4. SIMULATION STUDY ON PERFORMANCE OF THE HOTELLING
TWO SAMPLE T2 FOR COMPLEX NORMAL DISTRIBUTION
A simulation study were carried out using R software to investigate the performance
of the proposed test under the null hypothebig; d; = dand was evaluated according

to:
1. Type | error rates against equal means
2. Power of test against unequal means

4.1 Type | Error Rates
To estimate the Type | error rates, the following steps were taken:

Step 1:
Two random samples op -variate complex normal distributions with size was

drawn from X; ~CN, (d;, H) and X, ~CN,(d,, H) and generated bysing R
packagemvnorm(Hankin, 2015), wherel, = dandH; =H .

Step 2:
Calculate the test statistics in equation (13) and find its correspondivegue using

equation (14).
Step 3:
The above steps of obtaining thevalue were repeated fer= 10,000times.

Step 4.
The proportion of 10,000 samples for which the test rejectdithat a =0.05 was
calculated. This is equivalent to calculating the probability of making Type | error:

P(rejectHy, Hy is trug. (15)
The corresponding error rate in percentage was then obtained.

The examples of the generated complex normal datg ford and p =8 with equal
means are illustrated in Figure 1. Sirthe H,, is true, the test statistics should reject the
H, at about the nominal rate of 5%. However, Table 1 shows high values of Type | error
rate, which gets higher ag increases. A arection factor imposed to the test statistics

T? may be required to decrease the chance of the test getting rejected.
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Table 1
Empirical Type | Error Rate against Equal Means for Different Sets of Parameters
Without With
Correction Factor Correction Factor
Parameters Type | Error Type | Error |Type | Error
(a 5 %) (a 5% | (a 20%
p=4, n=20 20.99 % 4.20 % 8.59 %
diag(H,) = diagH ,)
i n=30 20.14 % 4.45 % 8.97 %
=2 5 n=50 18.45 % 4.58 % 9.34 %
g 0
. & ~ n=100 18.10 % 4.80 % 9.65 %
ao+0 6
_ $+0 8 n=250 18.45 % 4.95 % 9.36 %
=9 i o
gemi 0 n=500 17.38 % 5.16 % 10.12%
p=2,
h=d
o . 8.66 % 4.29 % 9.44 %
_ao+ao
p=4,
d=d
a0+0i
! 20.14 % 4.45 % 8.97 %
n =30, _ $l+ O
diag(H,) &l +i
= diag(H,) cO+i
al o =8,
_® 0 i
I 1IN
el al-2
> <) .
aez' i
B2 +i
0, 0, 0,
_§1+Z 48.35 % 4.75 % 9.94 %
&1
&
a2 +
&
%- 2 4
¢ 1-2
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(@) p=4 (b) p=8
Figure 1: Examples of theGenerated Complex Normal Datafor p=4 and p=8.

Note that this test was derived using the complex and real normal relationships which
involves transformation ofp complex dimension t@p (see equation (4)). Therefore,

the best guesstimate of the correction factor is two times what it should be and the test
statistics with correction factor is given as

2_8mn O ot ooy
T —2a=:-+— Xy Xy M pooied X8 % 2 -
¢chith -

Simulation study was repeated after correction factor was imposed on the test
statisticsT2. The Type | error rates for different sets of parameters are close to the
nominal rates when 5% and 10% significance level were considespécially for a
large sample size.

4.2 Power ofTest
To estimate the power of test, the following procedure was carried out:

Step 1:
Two random samples of size from two p -variate complex normal distributions
were generated similar to Step 1 and Step 2 in Section 4.10wjthd.

Step 2: Calculate the test statistics in equation (13) with correction factor imposed,
and find its corresponding -value using equation (14).

Step 3:
The above steps of obtaining thevalue were repeated fer= 10,000 times.

Step 4.
The proportion of 10,000 samples for which the test rejects the null hypothgsis

a =0.05 significance level was calculated. This is equivalent to calculating the
probability of not making a Type Il error:

1- P(rejectH, Hy is falsk. (16)

The corresponding error rate in percentage was then obtained as the power of the test.



